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A. INTRODUCTION 
In this paper, we will discuss the following type of functional differential 
equations with delay, advanced, and mixed type arguments: 
x’“)(f) + c f  p,(~)x(g,(t)) + Gq(t)x(h(t)) =f(t), 
i= 1 
(1) 
where Q= +_l, 6= +_l, a=& 6=0, 
(a) Pi, gi (i’ 1, -.) m), q, h, fare continuous on [to, co), t, > 0, 
(b) q>O, pi>0 (i= 1, . . . . m), g; (i= 1, . . . . m), and h(t) are non- 
decreasing, 
(c) g,(t) 6 t (i= 1, . . . . m), h(t) > t, and lim,,, g,(t) = 00 for all i, 
(d) there exists i,, 1 d i, < m, such that pi,(t) > 0 and g,,(t) < t. 
Dahiya [ 31 has discussed Eq. (1) for c = - 1, 6 = 0, and n an even 
integer, and has proved that the bounded nonoscillatory solutions are 
eventually negative. Rudolf Olah [ 101 discussed Eq. (1) when e = 6 = + 1, 
m = 1, and f(t) = 0 and found sufficient conditions in which all solutions 
are oscillatory. For more results, see [4) and [IS]. 
In Section B, sufficient conditions are found in which we get a functional 
differential equation with delay arguments to be oscillatory. In Section C, 
we discuss the advanced argument (i.e., when u = 0) for the oscillatory 
behavior and, in Section D, the case where both 0, 6 are either + 1 or - 1, 
in which we get a mixed equation. We say a function x(t) E C[to, co) is 
oscillatory if x(t) has arbitrarily large zeros in [to, co), t,, 2 0. Otherwise 
x(t) is called nonoscillatory. 
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B. DELAY ARGUMENT 
We first provide sufficient conditions for the equation 
X(“)(t) + I7 .g, Pitt) x(gi(r))=f(c) (2) 
to be almost oscillatory in the sense that every solution x(l) of Eq. (2) is 
either oscillatory or else it satisfies 
lim Ix(‘)(t)1 = 0, O<i<n-1 
f-m 
or 
lim Ix”‘(t)1 = co, O<idn- 1. 
r-m 
THEOREM (1). Assume that 
(i) there exists an oscillatory function p, such that 
P’“‘(f) =f (t) and lim p”)(t) = 0 for O<i<n- 1; t-m 
(ii) the second-order differential equation 
z”(z) + (n” l)! - h&t) - v-%,(~)~(&&N = 0 
is oscillatory for some L, 0 < 1” -C 1, and T> 0; 
(iii) f” (g,(t))“-*Pi&t) dt= GO for some i,, 0~ i,<m. 
Then 
(I) if 0 = + 1, then every solution x(t) of Eq. (2) is either osciZlatory 
or lim,, o. x(‘)(t)=O, O<i<n-1; 
(II) if 6 = - 1, then every solution x(t) of Eq. (2) is either oscillatory 
or else lim,,, Ix(‘)(t)1 = co, O<i<n- 1, or lim,,, Ix(‘)(t)1 =O, O<i,< 
n- 1. 
Proof Suppose that x(t) is a nonoscillatory solution of Eq. (2). 
Without any loss of generality we may assume that x(t) is eventually 
positive. Now consider the function y(t) = x(t) - p(t). Then from (2) we 
have 
Y’“‘(r)= --(T 1 Pi(t)x(gi(t)L (3) 
1=1 
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so that y(“)(t) is eventually of one-sign for t 2 t,,. Thus the lower derivatives 
y”)(t), 0 < i < n - 1, are monotone and one-signed for all sutliciently large 
t, say t 2 t,,. If y(t) < 0 for t 2 to, then x(t) < p(t), t > to, which shows that 
x(t) takes on negative values for arbitrarily large t. But this contradicts the 
assumption that x(t) > 0, and we must have y(t) > 0 for t 2 to. 
Now ay(t)y’“) < 0 for all sufficiently large t, and so by a lemma of 
Kiguradze [6] there exist an integer 1~ (0, 1, . . . . n}, (-1)+-‘0= 1, and 
a T 2 to such that 
y(t)y”‘(t)>O on [T, co)forO<i<l, 
(-l)i-Q+)y(i)(t)>O on [T, co)forZ<i<n. 
(4) 
Since y(t) > 0, t > to, this implies 
y(‘)(t) > 0 on [T, oo)forO<i</, 
( - 1 )i- $q t) > 0 on [T, co)forlbi<n. 
(5) 
Suppose 1E { 1, . . . . n--l> and (-l)“-‘-‘a=l. Then by Taylor’s 
theorem, we have 
Using (5) and T < t < s < r, we obtain 
Letting r + co, we get 
Integrating (6) from T to t, it follows 
Y “-“(~),Y”-‘)(T)+(~-:-~), 
X i S’ [jm (U-l.)“-l-‘Ipi(U)X(gi(U))dU] dS 
i=l 7- s (7) 
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y”-yt)>,y(~-yT)+ l 
(n--Z-l)! 
’ t j’ (j” (U-sS)n-‘p ’ “) Pi(“)x(gi(u)) d” + cn _ :- I), 
i=lT T  
p,(u)x(g,(u))du, t> T. 03) 
Now by making use of the inequality 
in (8), we obtain 
y”-l)>y”-“(T)+ j&j i;, j; (u - T)“-‘piWxk,W) du 
+0-T) m 
(n ;;, ltrn (u - T)“-‘-’ pi(u)xki(u)) du, t 2 T. (9) 
Let us denote the right-hand side of (9) by Z(t). Then Z(t) is positive 
and 
z,,(t) + t (t- T)“-‘-’ 
ix1 (n-I)! 
Pi(t)x(gi(t))=09 t 3 T. (10) 
Since y(t) is positive, increasing and p(t) --) 0 as t -+ co, therefore (by taking 
a greater T if necessary), we have 
x(gi(f)) 2 ;iv(gi(t))9 t> T(i= 1, . . . . m), (11) 
where 0 < A < 1 is the constant appearing in (ii). On the other hand, it can 
be shown that a positive function y(t) of degree 1 satisfies the inequality 
y(t)>(t- T)‘.f-“(t) , I! for t>T, l<Z<n--1 
(see C61). 
Now it follows that 
.Y(gdt)) 2 (g,(t) - T)‘- ’ y”- “(gi(t))/l!, i = 1, . . . . m 
v(gi(t))a~(gi(t)-T)‘~‘Z(gi(t)), 
(12) 
t 2 T. 
OSCILLATION OF SOLUTIONS 525 
Combining (9), (lo), (ll), and (12) we obtain 
o=z”(t)+(n-l)! i=L 1 i (t-T)"-'-'pi(t)X(gj(t)) 
=(t)+(n-l)! i=, 
2 f (t- v-'-lPiw.Yki(~)) 
2z"(t)+(n-l)! i=, 
2- i (t- T)n-'-'pi(t) (gf(Q; T)'-' z(gi(t)) 
1 m 
2 Z”tt) + (n _ l)! iF, (gitt)- T)“-2Pi(t)z(gi(t)) 
/I 
> z”(t) + (n _ 1 ) !  - (gio(t)- T)“-2Pio(t)Z(gio(t))9 
which implies that 
1 
z”(t) + (n - l)! -k,(t)- T)“-*Pio(t)Z(gio(t))~O. (13) 
Applying now a generalized result of Atkinson [l ] to (13) we see that 
(ii) has an eventually positive solution, contradicting the hypothesis of the 
theorem, so that the integer I associated with y(t) must be zero or n. Note 
that I= 0 is possible only when (r = + 1 and n is odd, or e = - 1 and n is 
even. Note that the oscillation of (ii) implies there exist i,, 1 < i0 < m, such 
that 
s 
m 
Cgi~(t)l”-*Pi~(t) dt= 00. 
Now I= 0 when e = + 1 and n is odd, or CT = - 1 and n is even. Consider 
the case: G = + 1 and n is odd (the other case is similar). 
If I= 0, then (5) implies r’(t) < 0 for t 2 T, so y(t) decreases to a finite 
limit caOas f-co. 
Let c > 0. Then there exists T, 2 T such that x(gi(t)) 2 c/2 > 0 for all 
t > T,, for all i; then from Eq. (3), we have 
Y’“‘(t)= - f Pi(r)x(gi(f)) < -i ,g pi(t). 
i=l ,=l 
Multiplying both sides of the above inequality by t”-’ and integrating 
from T, to t, we get 
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t”~‘v’“~“(t)-(n-l)t”~*y’“-*)(t) 
+ ... +(n-l)!y(r)+i 5 j’ s”--‘p,(s)ds=ZC, 
,=I 7‘1 
where K is a constant, from which, using (5) and letting t -+ co, we obtain 
t”-‘p,(t) dr < co. 
But 
I 
00 
2 g”,-*(Q,(t) ds= 00. 
This contradiction shows that c=O. Hence by taking account of (i) the 
first n - 1 derivatives of x( t) also tend monotonically to zero as t + co. The 
case I= n gives lim, _ o. Ix”)(t)l = GO for 0 < i<n - 1. This completes the 
proof of the theorem. 
In the following we shall consider the equation 
x’“‘(t) + f Pi(t)x(gi(t)) =ftt) (14) 
i=l 
under the same assumption on p,(t), gi(t), f(t) at the beginning of this 
paper. We begin with the following lemma, which is essentially Kiguradze’s 
lemma [7]. So we omit the proof. 
LEMMA (1). Zf y(t) > 0 for t E [to, co), t, 2 0 such that y(“)(t) < 0 for 
TV [to, co). Then there exist a t, E [to, co) and an integer ZE (0, 1, . . . . n- l} 
such that I + n is odd and 
y(‘)(t) > 0 for te [tl, co) (i=O, . . . . l- 1) 
(-l)i”Y’i’(f)>O for tE [t,, co) (i=Z, . . . . n- 1) 
(15) 
for TV [t,, co), i=O, 1, . . . . I- 1, 1 <f<n-- 1. (16) 
An analogous statement can be made if y(t) < 0 and y’“)(t) 2 0 for 
te [to, a). 
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If x(t) is a solution of the equation in consideration which satisfies (15), 
then it is said to be a (nonoscillatory) solution of degree 1. (See Foster and 
Grimmer [S].) 
THEOREM (2). Assume that 
(i) there exists an oscillatory function, p(t), such that 
d”‘(t) =f (t) and lim p(‘)(t)=0 for O<i<n- 1, t-00 
(ii) for every ZE (0, 1, . . . . n - 1) such that n + 1 is odd and for some 
dlE (0,) . . . . n-l- l}, 
,‘iil sup f 1’ i= 1 g*(r) [“-g*(t)“p’-4p ‘Cgi(t)-gi(u)Id’[gi(U)]’ pi(U) du 
>(n-I-d,-l)!l!d,!, 
where g*(t)=maxlGi.,[g,(t)], tE [to, 00). Then every solution of (14) is 
oscillatory. 
Proof Let x(t) be a nonoscillatory solution of (14). Without any loss 
of generality we may assume that x(t) is eventually positive. Now consider 
the function y(t) = x(t) - p(t). Then from (14), we obtain 
Y’“‘tt)= - f  Pi(t)x(gi(t)). 
i=l 
(17) 
Following the same argument as in Theorem (1) we must have y(t) > 0 
for t B to. Then with regard to Lemma(l), there exist t, E [t,, co) and 
1E (0, 1, . ..) n - 1 } such that n + I is odd and (15), (16) hold. For sufficiently 
large t2E [tl, co) in view of (16) we have 
ly+-lyt)( gzl 
1 + i lY(~-‘v)l, i = 0, 1, . . . . I-l,l<l<n-1 
*y(t) 29 y”‘(t), t E [t2, co) 
=>Y(gi(t)) > (gi(t)/[ tl)‘yc’)(gj(t)), 1 < I< n - 1. (18) 
From the equality 
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#-l--l 
Y (l+j)(t) = 1 
r=j 
( - 1 )i-~ (~~-~;~’ y(l+i)(s) 
1 
+(n-I-j- l)! I 
‘(t-u)“~‘~‘-‘y’“‘(u)du 
J 
it follows that 
n-l-l 
Y(l+qt)= 1 
(S - t)'-j 
i=j 
(-l)i-' (i-j), y('+ys) 
(u- t)“-‘-‘-‘y(“)(U) du. (19) 
Now forj=d,, drE {0, 1, ..,, n - I- 1 }, and from (19) with regard to (15), 
we obtain 
IY “+%T*(t))l >- ’ j’ [u-g*(t)]“-‘-+’ (~‘“‘(~)l &. 
(n-I-d,- l)! n*Crj 
(20) 
Also, from (19) for UE [g*(t,), t] and d,e (0, 1, . . . . n-l- l}, j=O, we 
iset 
IY”‘M4)l 2 
[gdt) -$‘)ld’ 1 y’/+d,)(gi(t))l 
I. 
(21) 
I Y”‘M4) 2 
hi(t) guild’ ly”+d,‘(gyt))l 
I. 
for tau>g*(t) since Jy (I+ 4)( t)l is decreasing and concave up for 
d,E (0, 1, . . . . n-Z-1) and g*(t)>g,(t) for all i, tE[tO, co). 
From (20), we obtain 
1 
IY “‘d’)(g*(t))’ ’ (n -j-d,- l)! i= 1 ga(r) 
f j’ [u-g*(t)]“-‘-d/-1 
XPAU)X(gi(u)) du. (22) 
Since y(t) is positive, increasing and p(t) -+ 0 as t + co, therefore, we have 
X(gi(t)) >A+Y(gj(t))7 t 2 tfJ (i’ l* ...9 m), where 1 is a positive constant, such 
that 0 < 1~ 1. Hence (22) becomes 
IY 
A 
(‘+d’)(g*(t))’ >‘(n-l-d,- l)! i=l ge(l) 
f [’ [U-g*(t)]“-‘-+’ 
XPi(u)Y(gi(u)) du. (23) 
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Using (18) and (21) in (23), we get 
x Cgi(u)-tll’ y(‘)(g,(u)) du 
I! 
J. 
‘(n-Z-d,- l)! i=l g*(rj 
5 j-’ [u-g*(r)]n-‘--4-l 
x Cgi(“)-cIl’ Cgi(t)-gi(u)14 
I! d,! 
Pi IY”‘d”(g*(t))l du 
-(n-Z-d,-l)!d,!i!>iif~~~it,[u-g*(~)]”’”l 
x Cgi(u)-t,l’Cgi(t)-gi(U)ld’Pi(U)du. 
So for sufficiently large t, we get a contradiction to (ii). This completes 
the proof of the theorem. 
EXAMPLE ( 1). Consider the equations 
y”‘(t) + e “2-ny(t-7r)+er’2-2ny(t-27c) 
=2e-‘(sint+cost)-2e-“*sint. 
Now 
f(t)=2e-‘(sin t+cos t)-2e-“* sin t, 
p(t)=e-‘sint-32e-“2cost-176 
125 iFie 
-‘/* sin t 
p”‘(t) =f(t) and p”‘(l) -+ 0 as t+O,i=O, 1,2, 
g*(t) = t - 7r. 
Choose d, = 0 for Z = 0,2 (I + n = odd), 
lim sup ’ (~-r++)~(t-u)~(~-~)*e~‘*-~du 
*--too D 1--x 
+s’ (~-~++)“(t--u)~(u-22~)*e~~*-~~du >2. t-77 1 
(24) 
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Hence all the conditions of Theorem (2) are satisfied, therefore all 
solutions of the above equation (3.24) are oscillatory. The solution 
y(t) =e --I sin t is an oscillatory solution. 
C. ADVANCED ARGUMENT 
In this section we shall consider the equation 
where 6 = f 1, q, h, r are continuous functions on [to, 00 ), t, > 0, and 
h(t) > t and nondecreasing and q(t) > 0, t E [t,, a~). 
THEOREM (3). Assume that 
(i) there exists an oscillatory function, p(t), such that 
P’W =f (t) and lim p(‘)(t) = 0, O<iGn- 1; ,-CC 
(ii) the second-order linear differential equation 
u”(t) + (n! I)! -(t- T)n-2q(t)U(t)=O 
is oscillatory for some p, 0 < p < 1, and large T > 0; 
(iii) j” t”-*q(t) dt = 00. 
Then 
(I) Zf n is odd, 6 = + 1, then every solution of Eq. (25) is either 
oscillatory or else lim x(‘)(t) = 0 for 0 6 i < n - 1. For 6 = - 1, every solution 
of Eq. (25) is either oscillatory or else lim, _ o. Ix(‘)(t)( = cc for 0 < i < n - 1. 
(II) Zf n is even, 6 = + 1, then every solution of Eq. (25) is oscillatory. 
zf 6=-l, then every solution x(t) is either oscillatory or else 
lim, + m jxCi)(t)l=co, O<i<n-1, or lim,,,x”‘(t)=O, O<i<n-1. 
Proof: Let x(t) be a nonoscillatory solutin of Eq. (25). Without any loss 
of generality we may assume that x(t) is eventually positive. Now consider 
the function y(t) = x(t) - p(t). Then, from (25) we have 
y’“‘(t) = -Gq(t)x(h(t)) 
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proceeding exactly as in the proof of Theorem (I), for ZE (0, 1, . . . . n ), 
(-l)“-‘-‘a=& and we obtain 
Let us denote the right-hand side of (26) by u(t). Then u(t) is positive 
and satisfies 
u,,(t) + (t - V-‘-’ 
(n-l)! q(tbv4t)) = 03 t> T. (27) 
Since y(t) is positive, increasing and p(t) -+ 0 as t + 00, therefore (by 
taking a larger T if necessary), we observe that 
-e(t)) 2 PYLy(h(t)h t>, T, (28) 
where 0 -CP < 1 is the constant appearing in (ii). On the other hand, from 
the inequality 
y(t)> tt- T)i-ly(‘-‘yt) / 
I! 3 taT 
it follows that 
(t-T)‘-’ 
Y@(t))2Y(t)> Ir y”-“(t)> (t- T)‘-’ u(t) 
I! ’ ta:T (29) 
and combining (27), (28), and (29), we obtain 
o=u.(r)+o-T)“~-l 
(n - E) ! q(tb(h(t)) 
2 u”(t) + 
p(t- T)“-‘-’ 
(n _ /)! 4(t) y(h(t)) 
~ u,,(t) + rdt)(t - V--l- ’ (t - T)‘-’ 
(n - I) ! I! u(t) 
=-u”(t)+p(‘i~:;!2q(t)u(t)40. 
n (30) 
Applying a result of Atkinson [l] to (30) we see that the second-order 
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equation in (ii) has an eventually positive solution, contradicting the 
hypothesis of the theorem. The rest of the proof follows exactly as in 
theorem (1). 
Now we give sufficient condition under which the possibility that 
lim f _ m (x(‘)( t)j = co, 0 6 i 6 n - 1, is eliminated. 
THEOREM (4). In addition to the hypothesis of Theorem (3) suppose 
lim sup 
I--trn s 
MO 
[h(s)- h(t)]“-’ q(s) ds > (n - l)!. (31) * 
Then every solution of Eq. (25) is either oscillatory or lim, _ o3 x(‘)(t) = 0, 
O<i<n-1. 
Proof The case 6 = - 1 gives only the possibility of lim,,, Ix”‘(t)l 
= co. Let x(t) be a nonoscillatory solution of Eq. (25), where 6 = - 1. 
Without any loss of generality we may assume that x(t) is eventually 
positive. Let y(t) = x(t) -p(t). Then from (25) we have 
y’“‘(t) - q(t)x(h(t)) = 0 
01 
y’“‘(t) - q(t)CAh(t)) + O(t))1 = 0. (32) 
NOW y’“‘(t) = q(t)x(h(t)) > 0 and also note that y(t) > 0. Since y(“)(t) > 0 
and y(t) > 0, it follows from Kiguradze’s lemma [7] that there exist an 
integer 1E (0, 1, . . . . n}, n-l is even, and a Tat, such that 
y”‘(t) > 0, O<i<l, 
(-l)i-‘y”‘(t)>O 7 l<i<n. 
Suppose 1~ 0. If l<n, then 
n-1 (t- T)i-’ 
y”‘(t)=y”‘(T)+ c (j-l)r ~(~-~‘(T)+r~~~-~i_l,: y’“‘(s) ds 
j=/+ 1 
=y(‘)(T)+ 1 
n-’ (t-T)‘-’ y(j-,l(T) 
j=l+ 1 (j-l)! 
f (t-s)“-‘-’ 
+JT (n-l-l)! q(s)CyW)) + M(s))1 h- 
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Since y(t) is increasing and positive, and p(t) + 0 as t -+ co, there are a 
T > t, and a constant q > 0 such that 
Then 
Y@(r)) + Pvdt))‘? for t 3 T. 
n-1 (t-T)‘-’ 
y”‘(t)-y(‘)(T)3 1 
j=/+l (I-‘)! 
y”-“(T) + rj i: (;ny;y;,: q(s) ds 
and by using (iii) from Theorem (3), we obtain lim,, m y”‘(t) = co, which 
contradicts the boundedness of y”‘(t). Thus under condition (iii) of 
Theorem (3), 1 must be equal to n, which implies 
y(t)>O, y’(t)>O, . ..) y’“-“(l)>O, y’“‘(t)>O. 
Using these inequalities it is clear from Taylor’s theorem that 
y(r)>(t-s)‘-L y’“-l’(s) 
y (n-l)! 
for t>saT. 
Substituting h(s) and h(t) in place of t and S, respectively, in (33), we 
then have 
y@(s)) > Chfs) - h(t)l”- l #“- I’()@)) / 
(n-l)! 
for sataT. (34) 
Now there exists an E > 0 such that 
I 
h(f) 
lim sup 
*-cc f 
Ch(s)-h(t)l”-‘q(s)ds>~. (35) 
Since y(t) + cc as t + cc and p(t) --) 0, there is a T* > T such that 
m(t)) =lwt)) + m(f)) k (1 -El J@(t)) for t>T* (36) 
From (34) and (36), we have 
J@(s)) + P(b)) 2 (1 - El J@(s)) 
>(I -E) @(s)-h(f))“-’ y’“-l’(h(t)) 
(n-l)! 
for s > t B T* and when combined with (32) this yields 
y’“‘(s) 2 (1 - E) [h(s) - Mt)l”- l q(s) y’“- “@) 
(n-l)! 9 sat&T*. (37) 
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Integrating (37) from t to h(t), we obtain 
y’“-“(h(t)) -y’“- l’(t) 
l--E 
s 
h(r) 
>(nl)! 
[h(s)-h(t)]“-’ q(s)y’“- “(h(t)) ds 
(38) 
[h(s) - h(t)]“- ‘q(s) ds 1 
2Y (“- l’(t), t>T*. 
The right-hand side of (38) is positive, while the left-hand side takes on 
negative values for arbitrarily large t because of (31). This contradiction 
shows that the integer I associated with y(t) cannot be equal to PZ. 
Therefore, from Theorem (3), the only possibility is that n is even and 
I= 0. This completes the proof of Theorem (4). 
D. MIXED TYPE ARGUMENT 
In this section, we shall consider the equation 
x’“‘(t) + c f Pi(tbkitt)) + &l(t) -G(t)) =f(t), 
i= 1 
(39) 
where G= 6 = f 1 and the assumptions (a)-(d) in the Introduction are 
satisfied. 
THEOREM (5). Assume that 
(i) there exists an oscillatory function, p(t), such that 
P’“‘(t) =./It), p”‘(t) -+ 0, O<i<n-last+co, 
(ii) either the second-order equation 
z”(t)+(n- l)! ___ (g,(t) - T)“-*f’io(t)Z(gio(t)) ~0, 
t>T, O<i<l (40) 
or 
u”(t)+(nll)! ~(t- T)“-*q(t)u(t)=O, t>T, O<p<l (41) 
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is oscillatory, 
(iii) j” [gi,,(t)]“-‘p,(t) dt = co, J” t”- ‘q(t) dt = co. 
Then 
(I) Zf n is odd, c = 6 = + 1, then every solution x(t) of Eq. (39) is 
either oscillatory or else lim, _ m x(‘)(t) = 0 for 0 <i < n - 1. Zf (T = 6 = - 1, 
then every solution of (39) is either oscillatory or else lim,, o. (x(‘)(t)( = CQ, 
O<i<n-1. 
(II) Zf n is even, CJ = 6 = + 1, then every solution x(t) of (39) is 
oscillatory. Zf (T = 6 = - 1, then every solution of (39) is either oscillatory or 
else lim, _ m Ix(‘)(t)l = co, O<i<n- 1, or lim,,, jx(‘)(t)J =O, O<i<n- 1. 
Proof. Let x(t) be a nonoscillatory solution of (39). Without any loss 
of generality we may assume that x(t) is eventually positive. Letting 
y(t) =x(t) - p(t) and proceeding as in Theorem (1) for 0 < 1~ n, 
(- l)“-‘-lo = 1, we get 
#-l)(t) > y”- “V) + jgl j;“$;;‘P,(s)x(g,(s)) ds 
+ (t- T) f lx (~~-~‘~ml’,’ Pi(s)X(gi(s)) ds, t 2 T. (42) 
i-1 f 
Denote the right-hand side of (42) by w(t). Then w(t) is positive and 
satisfies 
w”(t)+ i (t-TY-‘-1 P.(t)x(g.(t))-0 
i=l (n-f)! ’ ’ - ’ 
t> T. (43) 
Also, observe that 
X(gi(t)) 2 nY(gi(t)), t 2 T, i= 1, . . . . rn (44) 
for some i, 0 < A < 1. From the inequality 
y(t) > (1 - w l(t) 
I! ’ 
t>T 
it follows that 
y(g,(t))>(gi(t)-T)‘-l y(~-i) I , 1! k,(t)) 
>k,W- T)‘-’ 
I! wkAt)h t2 T. (45) 
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Combining (43), (44), and (45), we see that w(t) satisfies the inequality 
w”(f)+(n!l)! Cgi~Ct)- T1”~2pj~(t)w(gi~(t)) 
13. 
GW”(f)+(n-l)! i=l 5 (gi(t)-T)“-2pi(f)w(gj(t))~0, t 2 T. 
A result of Onose [ 1 l] now implies that Eq. (40) has an eventually 
positive solution, contradicting the hypothesis. 
Therefore, the integer 1 associated with y(t) must be either 0 or n. We 
will arrive at the same conclusion if we assume that Eq. (41) is oscillatory 
for some 0 <p < 1. From this point on, the arguments are exactly the same 
as in the proof of Theorems (l), (2), and (3). This completes the proof. 
COROLLARY (1). Zf in addition (31) is satisfied, then the conclusion of 
Theorem (4) holds for Eq. (39). 
EXAMPLE (2). Consider the equation 
x”( f ) - e r’2-nx(t-7c)-e”2-2”x(f-27r-e’~2+”x(t+n) 
=2eP’sint+eP’/2cost. (46) 
Let p(t)=e-‘cos t-~e-‘/2cos t-ge-‘/*sint then 
p’(t)=-e-‘sint-e-‘cost-~(-eP’/2sint-$eP’/2cosf) 
- g(e-l/2 cos t - $eCri2 sin t), 
p”(t)=2eC’sint+e~“2~~~t=f(f). 
The second-order equations associated with (46) are given by 
Z”(f)+Ae”2pnZ(f-7r)=0 (47) 
and 
u”(t) + pe ‘/2f2Q(f) = 0. (48) 
It is easy to see that Eqs. (47) and (48) are oscillatory. Equation (47) is 
oscillatory due to Bradley’s theorem (see [2]). All the conditions of 
Theorem (5) are satisfied, and since n is even, 0 = - 1, therefore all solu- 
tions are either oscillatory or lim,, 3c Ix(‘)(t)1 = co, or lim,,, Ix”‘(t)l = 0, 
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i = 0, 1. In fact the solution x(t) = e-’ cos t is an oscillatory solution of (46) 
and approaches zero as t + co. Also condition (31) is satisfied, i.e., 
I 
lt7T 
lim sup (s-t) eS’2fn ds> 1. 
t-00 f 
Hence every solution is either oscillatory or lim, _ m Ix(‘)( t)l = 0, i = 0, 1. 
EXAMPLE (3). Consider the equation 
x’i~)(t)+e”2~nx(t-~)+e1’2-2nx(t-2271)+e1’2+nx(t+~) 
-e-“‘( 1 + 4e-*12) cos t. 
Now 
(A) 
p(t)=e-‘cost+~e-“2cosf-~e-“2sint 
f(t)= -4eC’cos t-ee-“*cos t, p”“‘(t) =f( t). 
The second-order equations associated with (49) are given by 
and 
e r/2 + n 
u”+P 3! -u(t)=O. 
It is easy to see that Eqs. (B) and (C) are oscillatory. 
Also SW t3er/2+a dt = cc and 
(Cl 
s m (t-rr)2e’/2pndt=co. 
All conditions of Theorem (5) are satisfied, and since n is even, 
c = 6 = + 1, then all solutions of (A) are oscillatory. In fact the solution 
x(t) = e-’ cos t is an oscillatory solution. 
Concerning Eq. (39), we have shown in Theorem (5) and in 
Corollary (1) that all solutions are oscillatory in the following cases: 
(1) n is odd and 6=a= -1, 
(2) nisevenandc=a=+l. 
So it remains to discuss the cases: 
(1’) n is odd and 6=(r= +l, 
(2’) n is even and 6 = cr = - 1. 
409/142/2-16 
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Before we start, let us make a few remarks: 
Remark (1). Theorem (2) holds for the differential inequality 
{y’“‘(t)+p(r)y(g(t))} skn.ddN~O. (49) 
Remark (2). For n z 3, suppose that the following condition is 
satisfied, 
5 
h(t) 
lim sup 
t--X 
I (S--)S”~~2q(s)ds>(n-l)!, 
then the differential inequality 
i.P’(f) + 4(t) .d4t))} sign y(h(r)) < 0 (50) 
has no solution of degree 1~ (2, 3, . . . . n - 1 }. 
Proof: See [lo]. 
Remark (3). In a paper of T. Kusano [S], the differential inequality 
{y’“‘(r)-p(t)y(g(r))} skn.h(~))30~ neven, (51) 
has no solution of degree 0 if 
(i) lim sup i ’ [s-g(t)lk [g(t)-g(s)]“pkp’p(s)ds>(n-k- l)! k!. I-cc n(t) 
If in addition to (i) the condition 
(ii) Srn [g(t)]+’ -“p(t) dt = cc 
holds, then all nonoscillatory solutions of (51) are of degree n. 
Remark (4). In the same paper [8], the differential inequality 
{y’“‘(f) - q(r) .M(~))) sign y(h(t)) 2 0, n even, 
has no nonoscillatory solution of degree n if 
(52) 
(i) lim sup 
r-m s 
h(r) 
[h(s)-h(t)lk [h(t)-s]“-k-lq(s)ds 
, 
> (n-k- l)!k!. 
If 
(ii) J” t”- ’ -‘q(r) dt = cc for some E > 0, then all nonoscillatory 
solutions of (52) are of degree 0. 
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Now we are in a position to discuss the two equations 
x'"'(z)+q(t)x(h(t))+ i Pi(f)xki(t))=f(t)9 (53) 
i=l 
n odd, n>,3, 
x’“‘(f)-q(r)x(h(f))- t Pi(r)x(gi(t))=f(t)Y (54) 
i=l 
n even, n 2 2. 
THEOREM (6). For n odd, n 2 3, suppose 
(i) there exists an oscillatory funcrion p(t) such that, p’“‘(t) =f(t) 
and p(‘)(t)-0, us t-r 00, OQi<n- 1, 
(ii) lim,,, SUP C?= 1 j:*(f) Cs-g*(f)l”~k~l Cgitt) - gAs)lk Pits) 
ds > (n-k-l)!k!forsomekE{O,l,..., n-l}, 
(iii) lim,, m sup jt”’ (s - t)s”-*q(s) ds > (n - l)!, 
then every solution of Eq. (53) is oscillatory. 
Proof. Suppose x(t) is a nonoscillatory solution such that x(t) > 0. 
Following the same argument as in the beginning of Theorems (1) and (2), 
we get by letting y(t) = x(t) - p(t) 
Y’“‘(t) + q(t)x(h(t)) + i Pi(t)x(git)) =O, tE CkJ, cjJ)* (55) 
i= I 
There exist a t, E [to, co) and a constant p, 0 <p < 1, such that 
x(ht)) ’ w@(t)) for to [t,, co) 
and a t, E [to, co) and a constant 1,O < A< 1, such that 
x(gi(t)) ’ AY(gi(t))3 
for all i and for all t E [t2, co). 
Choose 
t3=max{t,, t2} 
~Y’“‘(t)+CL4(r)Y(h(t))+~P.p,(t)Y(gi~(r))<O 
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for all t E [t3, cc ), where p,,(t) > 0, g,,(t) < t, for some 1 < i, < m, 
y’“‘(t) + PI(t) y(h(t)) < 0 
for all t E [tJ, a). 
(56) 
Y(W) + AP. (t).Y(g. (f)) < 0 10 10 (57) 
Inequality (56) has no solution of degree IE { 2, . . . . n - 1 } due to condi- 
tion (iii) and Remark (2). So y(t) has degree I= 1 or n and it is a solution 
of (57), which is a contradiction to condition (ii) and Remark (1). This 
proves the theorem. 
THEOREM (7). For n even, suppose 
(i) there exists an oscillatory function p(t) such that p’“)(t) =f(t), 
p(‘)(t) -+ 0 as t -+ co, 0 < i 6 n - 1, 
(ii) lim,, m sup CT= r j:*(t) Cs - g*tt)lk Cgitt) - gi(s)lnpkpl Pi(s) 
ds > (n-k-l)!k!, 
(iii) Em,, m sup J, ‘(‘) [h(s) - h(r)]“ [h(t) - s]+~-’ q(s) ds > 
(n-k-l)! k!, 
(iv) either f” [gi,,(t)]“P’P”piO(t) dt = CO or 1” f-‘-&q(t) dt = co. 
Then all solutions of (54) are oscillatory. 
Proof Suppose x(t) is a nonoscillatory solution which is eventually 
positive. Let y(t) = x(t) -p(t). In a similar way, there are constants A, p 
such that 
y’“‘(t) - /-4t) Ah(t)) - A f pi(t) yki(t)) a 0 
i=l 
for all t E [t3, cc) (see the proof of the previous theorem) 
*y’“‘(t) - AP, (t) y(g. (t)) k 0 ‘0 10 (58) 
and 
y’“‘(t) - w(t) Ah(t)) 2 0. (59) 
Using Remarks (3) and (4), this implies that (58) has no nonoscillatory 
solution of degree 0, and all nonoscillatory solutions of (59) are of degree 
0, or all nonoscillatory solutions of (58) are of degree n and (59) has no 
nonoscillatory solutions of degree n. This implies that all solutions of (54) 
are oscillatory. This completes the proof of the theorem. 
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